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ABSTRACT

The author claims the development of an improved
method for teachiny basic additicn in the elementary schools. Two
advantages oi the method are (1) more effective groiaping of basic
addition facts, 2nd systematic and consistent use of reascning in
their derivaticn, and (2) us? of a special ciassroom technique to
iaprove the proficiency of a child in the application of basic
arithmetic facts. An analysis is presented to show how the
organization of various methods for teaching addition came into use,
and compares their advan:tages and disadvantages. (RP)
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ABSTRACT new math O>ncepts. Two of the more significant

The pape. reports the development of an im-
proved method for teaching basic addition in
elementary s-nodls. This improved method can
be used in the: arithmetic books for first and sec-
ond grades. The adoption of the method will not
require any change in the arithmetic books for
upper grades, unless it is desired to upgrade the
curriculum and the standard of instruction, nor,
will it require new or special training for teachers.
Teachers sh~uld understand the method.

The paper presents the development of the
method step by step. It analyzes how the organi-
zation of the various methods came into use, and
compares their advantages and disadvantages.
The analyses show that the author's method adds
several advantages to the present method without
losing any beneficial aspects of the latter or any

advantages of the m«.thod are:

e More effeciive grouping of basic addition
facts, and systematic and consistent use
of reasoning in their derivation.

e Use “;f a special class-room technique to
improve the proficiency of a child in the
application of basic addition facts.

Tests conducted by the author on the basis of
individual instruction showed that, by this method,
a child learned the basic addition facts more
easily and became proficient in their application
in less time. With a few~ minutes of practice a day
he achieved, in the first grade, a speed and skill
in basic addition which ctherwise he might not
have achieved before the seventh or the eighth
grade. Similar ;esults could also be 2xpected on
the basis of class-12om instruction.
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TABLE 1. ADDITION FACTS
with NO PARTICULAR ORDER

INTRODUCTION

To compute addition like the ones shown in Figure 1, a
child must know the elementary or basic addition of two
digits, such as 5 4 4 =9, 4 4 6 = 10, etc. All such basic

546793 78649 741
+469831 + 6943 + 69

FIGURE 1. Examples of addition in practice

addition, or basic additior. facts, as they are more com-
monly referred to, of two digits from 1 to 9 are shown,
with no particu'ar order, in ‘Table 1. One could conceive of
a time in the state of the art when addition facts were not
arranged in order. Clearly then, man’s first attempt was to
arrange them in scme order. Having known no other way,
or naving found no reason to arrange differently, he ar-
ranged them according to his very old, but not obsolete,
natural sense of arranging objects, that is, in rows and
columns in ascending order of the natural numbers. This
arrangement is shown in Table 2.t

It is obvious that a child’s proficiency in addition de-
pends upon his proficiency in basic addition facts. By the
author’s method, a child could learn the basic addition
facts more easily and could become proficient in their
application in less time.

|
+ < + . o
'EREEREEEERE
TABLE 2. THE BASIC ADDITION BLOCK
(ADDITION FACTS ORDERLY ARRANGED)

Ad'er [1] enlarges the basic addition block of Table 2
by including the zero addition facts in it. Referring to the
enlarged addition table (page 112), he asks a child, at the
completion of his third-grade year. to “know these 100
addition facts by heart.” Upion and others [2] ask a child
to “tell or write the answers as quickly as you can” to the
addition problems of Table 1, but scrambled in a different
manner (page 209). (An addition fact without the sum
will be called an addition problem.)

In the present work, a method is developed in which we
may expect the child to know the basic addition facts at the
completion of his first-grade year, and in which we shall
have reduced the size of the addition table and refer the
child to a smalier table. We shall not expect the child to
know all the addition facts by heart, but only some of them
by heart, anG to derive the rest from the ones he would
know by heart. Further, we shall expect him to know only
those facts by heart which are easier thas the others. And
for the others, we shall improve the present method, so
that he can derive them more quickly.

DESCRIPTION OF METHODS

We sec in the Introduction that the addition facts of
Table i, having no particular order, are arranged in Table
2, in asccnding order of the natural numbers. After this is
done, we must ask, “In which order do we introduce the
addition facts to a child, since we cannot introduce them
all at the same time?” For example, do we introduce them  »

4 Table 2 has been lab2lled as the Basic Addition Block and will
be referred to as such throughout the paper.

(1] “Mathematics—Grade 3,” Irving Adler, Ph.D., Golden Press
[2] “Learning About Numbers,” C. B. Upton, K. G. Fuller and
G. H. McMeen, American Book Company
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TABLE 3. THE ADDITION TABLE
ACCORDING TO THE OLD METHOD

theorder 1 4+1,2+4+1,341,...,intheorder 1 4 1,
142,143,...,orin some other orcer? If we intro-
ducethemintheorder 1 41,2 +1,34-1,...,thena
child travels the basic addition block aior ; rows from left
to right. If we introduce them in the order 1 41, 1 4 2,
1+43,..., then a child travels the basic addition tleck
along columns from top to bottom, and so on. After we
have decided how we shall introduce the addition facts to
a child, the rext question we must ask, “How do we teach
him an individual addition fact?”’

We sha!! revicw the various methods presented in this
paper in the Jight of these two questions. Thne reader should,
however, keep in mind that in this section of the paper we
shall primarily be describing the various methods, but not
analyzing or comparing them; analysis and comparison will
be found in the next section.

s

THE OLD METHOD

in the old method, strictly speaking in one of the old
methods, the basic addition facts were introduced to a child
intheorder 1 4+1,2+41,341, ... So, a child trav-
eled the basic addition block along rows from left to right,
top to bottom. This direction of travel is shown in Table 3.
A reader may have observed that the basic addition block
has not been altered; only a direction, shown by the direc-
tion net of Table 3A, has been superimposed on it. At one
time in the old method, still used in some places, a child
learned and performed the basic addition facts by finger-

TABLE 3A. THE DIRECTION NET
for THE OLD METHOD

counting; that is, he counted figers eack: time he com-
puted the sum of a basic addition fact. For long addition.
too, he depended upon finger-counting. The process of
learning was very slow. (The term “long addition” has
been used to differentiate between basic addition and ad-
dition of two numbers explicitly, each number contzining
more than one digit.)

The direction nets need some explanation. Light lines
separate one addition fact from another, and heavy lines
separate one group of addition facts from another. Arrows
point the direction in which a child travels in a group, while
the numbers by the arrows indicate how the groups are
introduced to the child.

THE FLASH METHOD

In the so-called flash method, addition facts of the basic
addition block were flashed before a child, using flash
cards. This was done with the hope that afier a time, when
addition facts were shown to him without the sum, the sum
would appear in his memory. This process facilitated drill-
ing and improved a child’s speed of learning. But the child
still depended upon his memory, for, the sum must be
retrieved from his memory. He stili followed rows from left
to right; that is, he still followed the direction of the old
method. It may be mentioned here that the flash method is
not a basic method. It is a system of training in which fiash
cards are employed to improve the spe::d and skill of a
child in acquiring and in applying the basic addition facts.
The system does not have a direction of its own. It u-es




the direction of the method which is being emploved at a
particular time.

Some of the flash cards that are available are flash cards
Ne. 7020, published by the Miiton Bradley Company., flash
cards No. 96700, published by the McGraw-Hill Book
Company, and flash cards Nc. 4570:39, publishad by the
Westera Publishing Company. All of thes: fash cards use
the direct’on of travel of the okl method. Figure 2, which
is a2 summary card of the Miiton Bradicy flash cards No.
7020, shows :his direction of travel, for example.

THE CONSTANT UM METHOD

The order in which the basic addition facts are intro-
duced to a child ir the method currently in use in the
United States is shown in Table 4. The method currently
in use in the United States is referred to as the constant-
sum me=thod. The reason for the name is discussed shortly.
It is seen that, in this method, a child travels the basic
addition block diagonally. The reader may have observed
again that thie basic addition block of Table 2 has not been
altered; only a new dircction, shown by the direction net
of Table 4A, has been superimpcsed on it. This direction
of travel has been uscd by authors of first and second grade
arithmetic books in various modifications. For the benefit
of those whe may not be familiar witt the present system
of clementary =ducation, the following books may be cited
as examples.

1. “Elementary Maihematics.” Second Editivn, Grade |,
Harcourt. Brace & YJorld. Inc
2. “Ariametic Workshop.” Second Edilion. Book 1,
American Book Tompany
3. “Elesieniary School Mathematics,™ Second Edition, Book
i. Addison-Wesley Publishing Company
It is sen that the sums of the addition facts of a siep in
this metivod remain consiant for all the facts of the same
step. For this reason, this method has been referred to as
the constant-sum method. .

To make the direction of travel of the constant-sum
method confcrin with our traditional sense of arrangement
of objects, its addition facts have been rearranged from
Table 4 into Table 5. Tne first nine steps cf Table S are
taught to a child chicfly through his basic training in count-
ing, concepts and und :rstanding of numbers. The remain-
ing six steps arc taught with the help of the first nine sieps,
and by usc cf reasoning or derivation. In this method, a
child must complete the addition facts of the first nine
steps before he can use reasoning to derive each fact of the
remaining six steps. In a way thereforc we may regard the
first nine steps of Table 5 as the fundamental steps of addi-
tion and the remaining «ix steps of Table © as the additional
steps of addition, in the constant-sum method. The reader
may have observed that the flash system of training cannot
be used in the constant-sum method, since the sum is con-
stant for all the facts of the same step. An claboration of
this point is found in a later section of this paper.

BASIC ADDITION FACTS

1+1=[2] 1+2=(3] 443=[7] 7+4=[1] 1+6=[T] 4+7=[11] 7+8 =[15
2+1=[3] 2+2=[4] 5+3=[8] 8+4=[17 2+6=[5] 5+7 =[12] 848 =[16
3+1=[4] 3+2=05] 6+3=[9] 9+4=[13 3+6 =[3] 6+7=[13] 9+8 =17
4+1 =[] 4+2=[6] 7+3=[10 1+5 =[¢] 4+6=[10] 747 —[14] 1+9 =[10
s+1=[6] 5+2=(7] s+3=[1] 2+5=(7] s:6=[ii 847 =[15] 2+9 =[11
6+1=[7] 6+2=[8] 9+3=012 3+5=[8] 6+6 =[17 9 =[16; 349 =[i2]
7+1=[8] 7+2=[9] 1+4=[5] 4+5 =[9] 7416 =[13] 11+8=[9] 4+9 =[13
8+1=[9] 8+2=[10] 2+4 =[6] 5+5 =10 8+6 =14 2+8 =10 5+9 = [14]
9+1 =00 9+2=[11] 3+<¢:==(7] 6+5 =[] 9+6=[15 3.8 =[11 6+9 =15

1+3=[4] 4+4=[8] 74+5=[12 1+7 =[g] 4+8 =012 7+9 =[16]

2+3=[85] 5+4=[9] 8+5= 2+7=[9] s+8="3 8+9 =[17]

3+3=[6] 6+4=[10 945 =(1q 3+7 =[i0] 6+8=[14 9+9 =18
\ see the other side  No. 7020

FIGURE 2. The summary card of Milton Bradley Flash Cards (By permission)
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TABLE 4. THE BASIC ADDITION BLOCK
arranged for THE CONSTANT-SUM METHOD
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TABLE 4A. THE DIRECTION NET
for THE CONSTANT-SUM METHOD

I
+1
2
21 |
2 |+ |+2
3| 2] |
31+ |42 |+3
31 4]|4
41 3| 21| 1|
4|l [+2 (43 )44
| D1 919
51 4| 3| 2| |
5 |+l [+2 |+3 [+4 145
61 6, 61 6] 6
6| 5| 4] 3| 2| i
6t |+2 |+3 |+4 |+5 |+6
TI17ITIT| 7|7
7|1 6| 5| 4] 3| 2] 1
T+ |42 |+3 |+4 |+5 |+6 |+7
€. 8/8/B8|8|8!8
8|l 7|/ 6| 51'4] 3| 2| 1
8 |4l |+2 [+3 44 [+5 [+6 |+7 |+8
9/9/9/€19/919]9
o] 8/ 7| 6| 5] 4| 3| 2
O |41 142 |43 /44 |45 |46 |+7 | +8
10/70[70)70 |10 10[10 | 10
9| 8] 7| 6| 5] 4! 3| 2
I0|+2(+3|+4]|+5|+6|+7|+8|+9
JElmmjianriarinim
9| 8| 7| 6| 5| 4| 3
114344 |+5|+6|+7 |+8 |49
R|12| 1211212712712
9| 8| 7| 6| 5] 4
121+4|+5[|+6 |+7 |+8 | +9
B|TS(TS|TS|T3]|T3|
S| 8] 7] 6| S
13[45|+6[+7 |48 (43
[4|14(14 14|14
9! 8| 7| 6
14| +6|+7 |48 149
511515115 ]
9| 8| 7
15| +7 [+8+9
16|16 16
9| 8
16]+8 | +9
17117
9
17149

TABLE 5. THE ADDITION TABLE
by THE CONSTANT-SUM METHOD
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TABLE 6. THE BASIC ADDITION BLOCK

avanged for THE CONSISTENT-LOGIC METHOD

THE CONSISTENT-LOGIC METHOD

The method presented in this paper will be referred to
as the consistent-logic method. The reason for the name
follows sho:tly. The order in which the basic addition facts
will be introduced to a child in the consistent-logic method
is shown in Table 6. Again, it may be- observed that the
basic addition block has not been altered; only a new
direction, shown by the direction net of Table 6A, has
been superimposed on it. In this new direction, a child
travels the basic addition block as follows:

He travels the first row first from left to right, as he
did in the old method. He then travels the diagonals,
starting with 2 4 2, 3 4 2, 4 -} 2, respectively. Next,
he travels the column starting with 9 + 2, the row start-
ing with 5 4 2, the column starting with 8 4 3, and
finally, the small triangle starting with 6 4 3.

Arranged to conform with our traditional sense of arrange-
ment of objects, the addition facts of the consistent-logic
method ar¢ shown from Table 6 into Table 7. It niay be
observed that we did not include the addition facts of the
lower triangle of Table 6 in Table 7. We shall see later
why we did not do so.

The first two steps of Table 7 are fundamental steps,
and we may refer to the remaining six steps as the addi-
tional steps of addition, defined by thc same criteria of
definition we employed for the fundamental and additional
steps of addition in the constant-sum method. As in the
constant-sum method, the fundamental steps of the con-

TABLE 6A. THE DIRECTION NET
for THE CONSISTENT-LOGIC METHOD

sistent-logic method are taught to a child through his basic
training in counting, concepts, and understanding of num-
bers, and the additional steps, with the help of the funda-
mental steps, and by use of reasoning or derivation.

The use of reasoning for derivation of addition facts is
not a new concept in the consistent-logic method. Again,
for the benefit of those who may not be familiar with the
new math as applied to elementary grades, it may be
pointed out that children arc now trained in the use of
reasoning, whencver applicable, to acquire basic addition
tacts. For example, a child is now trained to learn the
fact 9 4 4 = 13, as follows.t

He first learns the fact 10 4 3 = 13, through his
basic training in counting by tens and ones (10 and 1
are 11, 10 and 2 arc 12, . . . are counting by tens and
ones). Then he is trained to reason, “take 1 from 4 and
putit (1) to 9, we have 10 and 3 are 13” (Figure 3).

- 10~

a!ul _3_ are
I 13.__.|
1fro

4
Take andputit (1) to] we have-

FIGURE 3. An example of use of reasoning
for derivation of addition facts

t _Seclpage 245 of “Elementary School Mathematics,” cited pre-
viously.
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TABLE 7. THE ADDITION TABLE
by THE CONSISTENT-LOGIC METHOD

Hc is demonstrated the rcasoning with some visual
aids or objccts, and he is exposed to the usc of rcasoning
only after he has reccived and acquired a reascnable train-
ing in conccpts and understanding of numbers. Althcugh
the usc of reasoning is not a new concept in the consistent-
logic method. we shall sce later that rcasoning is systematic
and consistent in this method. For this rcason, we have
referred to this mcthod as the consistent-logic mcthod.
And as to the usc of flash systcm of training, we scc that
it can still be uscd in the consistent-logic method.

Rcasoning of the kind discusscd here with the help of
Figurc 3 cannot be very casily explained without a per-
sonal demonstration. For rcaders other than tcachers, it
may not have been very clear. Since, however, this rcason-
ing is an important part for the discussion to foilow, it
would bc appropriate for a rcader to pausc here for a
momcnt to review the rcasoning, and to grasp it fairly well.

SUMMARY OF METHODS

One¢ could conccive of a time when the addition facts
were not organized in order. Man’s first attempt was to
organizc them in some order. and he did so, as shown in
Table 2. Later, different mcthods were devcloped for
teaching basic addition, depending upon how the addition
facts were introduced to a child. In one of the old mcthods,
the addition facts were introduced to a child in the order
as showa in Table 3. The order in which they aio intro-
duced in the constant-sum method and in the consistent-
logic method are shown in Table 5 and Table 7, respec-
tively. The method currently in usc in the United States
has been called the constant-sum method, and the method
developed by the zuthor is called consistent-logic method.

ADOPTION OF THE
CONSISTENT-LOGIC METHOD

As stated in the Abstract, the consistent-logic method
can be used in the arithmetic books for first and second
grades. The adoption of the method will not require any
change in the arithmetic books for upper grades, unless it
is desired to upgrade the curriculum and the standard of
instruction. The adoption of the method also will not re-
quirc any change in the preparatory training of a child
from Kindergarten to that ctage of the first grade when he
first begins his formal training in basic addition facts, nor
will it require any change in the training for application of
basic addition facts, aftcr he has acquired them. All mate-
rials, mcthods, or tools used in the preparatory training
and in the training for application will remain unaffected,
as wcll as the ways they arc uscd. The change will be made
during the actual period of training in basic addition facts,
and only in the order of presenting them according to the
consistent-logic method.

In view of the preceding discussion, which is pictorially
illustrated in Figure 4, we may conclude that the « nsistent-
logic mcthod will not requirc new or special training for
teachcers, nor will it require complete rewriting of first and
sccond grade arithmctic books. It will be sufficient for
tcachers to have an understanding of the method, and
authors may revise their books, to write only those portions

ACTUAL PERIOD OF PERIOD OF TRAINING IN
PERIOD OF PREPARATORY TRAINING IN THE THE APPLICATION OF
BASIC TRAINING BASIC ADDITION FACTS BASIC ADDITION FACTS
{ 1 $
NO CHANGE CHANGE NO CHANGE

FIGURE 4. Changes relative to periods of training
when the consistent-logic method is used




which were devoted to the training in basic addition facts,
according to the constant-sum method.

A second paper is being prepared to systematize the
consistent-logic methiod further and to outline broad guide-
lines for revision of existing books and for wiiting of new
books. The paper will also list the different wave in which
the consistent-logic method can be presented in teaching
materials and will describe the flexibility with which it can
be used in various situations.

COMPARISON AND ANALYSIS
OF METHODS

Why Comparison And Analysis?

The consistent-logic method was developed through ex-
perimentation with children for more than one year. After
it was developed, the method was tested on the basis of
individual instruction. Tests showed that, by the consistent-
logic method, a child learned the basic addition facts more
easily and quickly. Comparison and analysis are presented
to explain the results of tests and to give some insight into
the various methods. Insigat into the various methods may
point out some of the reasons that could have contributed
tv the improvement of the consistent-logic methed. Other
reasons for analyses are found in the Conclusion. It may
be more interesting to a reader to have his own compari-
son and analysis before proceeding to those that follow.

Fundamental Facts Reduced In Number

In the old method, all 81 basic addition facts were fun-
damentals to a child, since he learned each of them by
finger-counting or by rote memorization. In the constant-
sum method, there are 9 fundamental steps, with 45 basic
addition facts. In the consistent-logic method, there are
two fundamental steps, with 17 basic addition facts. The
consistent-logic method has, therefore, the least number of
fundamentals.t

The fact that the consistent-logic method has the least
number of fundamentals remains true also after we exclude
the inverse addition facts from Table 5 of the constant-sum
method much as we have excluded them from Table 7 of
the consistent-logic method. (An inverse addition fact here
is defined to be one in which two numerals to be added
are reversed, for example, 1 4 7 — 8 is the inverse addi-
tion fact of 7 4 1 = 8.) However, we must not overlook
the fact that the inclusion of the inverse addition facts in
Table 5 was a necessary part of the constant-sum method,
whereas their exclusion from Table 7 is not an exclusion
of a necessary part of the consistent-logic method.

Fundamental Facts Easier
To Learn And Remember
Tests showed that the fundamental facts of the con-

sistent-logic method were easier to learn and remember
than those of the constant-sum method. One could intui-

3 2 4 3
12 2 3 3
4 6

hAR ha

5 7

FIGURE 5. First example of uss of ssme logic and fundamentsl steps
for derivation of addition facts by the consistant-logic method

tively conclude so by inspecting them. However, some ex-
planation is provided to support test results.

The facts 1 4+ 1,2 41,3 {1, ... are present in both
sets of fundamentals. They could not alter the ease with
which a child learns the fundamental facts in either method.
Fortunately, therefore, we need compare the remaining
fundamental facts. We shall dc so with the help of exam-
ples. For example, we take the fact 6 4+ 6 =12 from
step 2 of the consistent-logic method, annd see how a child
learns this fact. We sce that a child could learn this fact
directly after his training in counting,t as a natural second
step. The point being brought out is that there is no addi-
tional fact in between a child’s training in counting and his
learning of the fact 6 4+ 6 = 12. But such is not the case
for all the fundamental facts of the constant-sum method.
For example, a child must know the fact 7 + 2 = 9 before
he could learn the fact 7 4 3 = 10 of step 9 of the con-
stant-sum method.

We also see that the facts of step 2 of the consistent-
logic method are symmetrical. They are symmetrical in the
sense that the two numerals to be added are same about the
plus (4) sign of the problem. This symmetry could
have helped a child learn these facts more 2asily, and re-
member them longer (or permanently) once they are
learned. The fundamental facts of the constant-sum methdd
are not all symmetrical.

More Effective Grouping

In the old method, each fact of the basic addition block
was new to a child, because there were no fundamental
steps that could be advantageously used to derive the rest.
This serious drawback of the old method, of having no
fundamental steps that could be advantageously used to
derive tiie rest, was overcome in both the constant-sum
meihod and in the consistent-logic method. This was done
by special grouping of basic addition facts of Table 2
according to certain rules or concepts. (This concept of
special grouping has been known as the concept of sets
and subsets in the new math.)

Grouping in the constant-sum method is mechanical;
that is, addition facts having ¢he same sum are mechan-
ically grouped together. For example, addition facts having
the sum 13 are grouped in step 12 of Taole 5, and addition
facts having the sum 16 are grouped in step 15.

Grouping in the consistent-logic method is logical; that
is, addition facts whose sums are derived by the use of

f‘fundamcmal facts were defined earlier.

% In the new math a child is trained to count upward to 20 by twos.




same logic and same fundamental steps are grouped to-
gether. For example, all the addition facts of step 3 of
Table 7 use the logic of 1 more 1 and the fundamental step
2. This is explained with the help of Figure S. For the first
fact, the logic is—“2 and 2 are 4 and | more are 5.” For
the second fact, the logic is—"3 and 3 are 6 2nd 1 morc
are 7.” All the addition facts of stcp 4 use the logic of 1
more and 1 less with the fundamental step 2. This is ex-
plainec in Figure 6. For the first fact, the logic is—"“take
1 from 4 and put it to 2, we have 3 and 3 are 6.” For the
second fact, the logic is—*take 1 from 5 and put it to 3,
we have 4 and 4 arc 8.”

4 3 5 4
2 13 3
6 8

FIGURE 6. Second exampie of use of same logic and fundamental steps
for derivation of sddition vacts by the consitent-logic method

Logic Systematic And Consisient

We have scen that groupirg has reduced the number of
fundamentals both in the constant-sum method and in the
consistent-logic method from those present in the oid
method. Grouping has also made it possible to use logic
(reasoning) in the derivation of additional steps of additivn
in these two metaods. Logic is systematic and congistent in
the consistent-logic method, but not so in the constant-sum
method. This is shown below.

In the constant-sum method, logic changes from one
addition fact to another in the same step. For example, the
first fact of step 12 of Table 5 uses the logic, “take I from
4 and put it to 9, we have 10 and 3 are 13,” as shown in
Figure 7. But the second fact of the same step uscs the
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FIGURE 7. An example of use of different logic and fundementsi steps
for derivstion of addition facts by the constant-sum method

logic, “take 2 from S and put it to 8,” etc., which is a
different logic. In the second case, we are taking away 2
instead of 1. The third addition fact uses another logic yet.
But in the consistent-logic method, logic does not change
from one addition fact to another of the same step, as we
saw in the description under “More Effective Grouping.”

Because logic changes from one addition fact to another
in the same step of the constant-sum method, each addition
fact of the constant-sum method seems new to a learning

child, a drawback which we wanted to eliminate {. »m the
old method. So, we can say that the constant-sum method
has not used grouping very effeciively, while, on the other
hand, we see thzt the consistent-logic method has.

Continuing our analysis, we can also say that this draw-
back of the ol method, still existing in the constart-3um
method, ha; been ecliminated from the consistent-logic
method by logical grouping of its basic addition facts. For-
tunately enough, grouping of the consistent-logic method
still does or is capable of doing what grouping of the
constant-sum method does. In addition, it uses logic con-
sistently for all the addition facts of the same step. Because
logic does not change from one addition fact to another in
the same step of the consistent-logic method, we may ex-
pect a child to remember which logic to use in thc subse-
quent fact once he s given the logic in the first fact, espe-
cially after some practice.

The Special Class-Room Techniqu:

Earlier in the discussion, we stated that the flash method
of taining could not be emgployed i the constant-sum
method. This is elaborated here. If we take a set of flash
cards containing the addition facts of one of the groups of
the constant-sum method, we see that the sum remains the
same for all the facts of the group. Since the sum remains
the same, a child will krow the answers to ail the problems
once he knows the answer to one problem. Therefore, in
the constani-sum method, a child could not be drilled in
the addition facts of a group which was being taught at the
time. This may explain why there are no flash cards, in the
market, using the grouping of the constant-sum method.

In line with the use of flash cards, some class-room
teaching cards have been conceived. These are 9X7 inch
cards for the teacher as shown in Figure 8, and a set of
5X3 inch cards for the students as shown in Figure 9.
These class-room teaching cards may be used to drill
students in busic addition by the consistent-logic method.
Drilling may begin after an understanding of logic has been
established, and, simultaneously may be conducted as
follows.

The teacher will take a set of 9X 7 inch cards containing
the addition problems of a step of the consistent-logic
method. Each student will be given a set of 5X3 inch cards
consisting of thc sums of the given addition problems, plus
an extra card not containing an answer. The teacher will
face the class and show one problem to the class. The class
will search for the card that has the correct answer and
will show it to the teacher. The teacher can easily check
all the answers at the same time when the students will
hold up their answer cards.

No Loss Of New Math Concepts

One of the important advantages of the new math, as
used in the constant-sum method, is that it trains a child
in the practice of different arithmetic operations with the
same three numerals of an addition fact. These different
arithmetic operations with the same three numerals of an

Q

~ An example of the simple logic of 1 more is—"5 and 1 more




10

FIGURE 8. A teachers’ teaching card




n

FIGURE 9. A students’ learning card

12-N=3
12-N=9

N+3=12
9+N=12

12-9=3
12-3=9

9+3=12
3+9=12

FIGURE 10. Different arithmetic operations
with same three numerals of an addition fact

addition fact are shown in Figure 10 for the fact 9 -} 3 =
12. Practice in performing these operations has resulted in
improving a child’s proficiency in application of a basic
addition fact, and at the same time, a child learns subtrac-
tions and equations invelving numbers up to 20. In the
consistent-logic method also, a child can perform these op-
erations. If we, further, considered other beneficial aspecis
of the constant-sum method or other new math concepts,
we would see that the consistent-logic method has lost none
of them. However, tests showed that the same results could
be expected in these . 'perations with less work on the child
if he were trained by the consistent-logic method. The
results of t>sts are explained as follows.

In the consistent-logic method, a basic addition fact such
as 9 4 3 = 12 is taught with emphasis on it as funda-
mental information. The remaining seven operations are
taught as cxamples of how to apz!v /undamental informa-
tion in practical problems. It was found that if a child
acquired high proficiency in a basic addition fact in less
time, he could lcarn the remaining seven derivatives of ir
very casily wiih a slight adjustment in his thinking. Since
we found that, by the consistent-logic method, a child ac-
quired hizh proficicncy in less time, we could, at ovr option,
take some advantage of the consistent-logic method in
reducing the work-load which otherwise wouid be placed
upon the child it he practiced basic addition facts and their
derivatives with cqual emphasis on both. For this reason,
Table 7 does not contain the addition facts of the lower
triangle of Table 6, namely, the inverse addition facts, nor
does Table 6 include them in the direction assignment.

SUMMARY OF
COMPARISON AND ANALYSIS

In the old method, all 81 basic addition facts were fun-
damentals. In the constant-sum method, this number was
reduced to 45, and in the consistent-logic method, this
number was further reduced to 17. In the consistent-logic
micthod, not only are the fundamentals minimum in num-
ber, but they are also casier to learn and remember.

In the old method, each addition fact of the basic addi-
tion vlock was new to a child. To overcome this drawback,
both the constant-sum method and the consistent-logic
method group basic addition facts, with the latter method
grouping them more effectivcly. Both the constant-sum
method and the consistent-logic metkod use reasoning in
the derivation of addition facts, with the latter method
using it systematically and consistently.

The flash method of training can be employed in the old
method and in the consistent-logic method, but it cannot
be employed in the constant-sum method. Lastly, no new
math concepts or beneficial aspects of the constant-sum
method have been lost in the consistent-logic method.

CONCLUSION

The consistent-logic method is not a new method. It has
some ncw features or concepts. I all other respects, it can
be used similarly as the existing methods. Stated differently,
the added features of the consistent-logic method can be
incorporated in the existing methcds. Some readers may
sce enough strength in the analyses for the conclusion that
the consistent-logic method should help a child learn basic
addition more easily and quickly; others may like to see
the analyses verified vy formal tests on the basis of group
instruction.t

t As the author’s tests were neither formal nor based on group
instruction.




12

DISCUSSION

B8Y PROFESSOR SCHINDLFR: ¢

I want tc commend Mr. Aziz for hic presentation of
addition facts. Especially, 1 want to commend Table 7 as 2
way of showing the goal to be achieved in teaching auci-
tion and subtraction. Some teachers may not clearly see the
goal to be achizved. As for pupils, the comment of a third
grader is significant. When a teacher showed pupils a table
of the facts, one pupil remaiked: “If there are only that
many, we can learn them. I thought that there were thou-
sands of them.” Mr. Aziz's table make the task look like
one that can be accomplished, and that may be a great
fountain of motivation.

Mr. Aziz does not have a total program. It s~ems to me
that teachers and supervisors wiil want to see a total prc-
gram into which his plan is intcgrated. They will want to
know what the lcaming activities with children should be
before they are ready for step 1.

In some respects there is very little that is absolutely
new in a field which has been worked as much as ele-
mentary school aritkmetic. For example, generalization
(understanding and logic) havc been emphasized as ap-
proaches to mastery of facts. Grossnickle and Brueckner
have encouraged teachers to help pupils develop grouping
of facts which resemble Aziz’s steps in Table 7. Their
groups were: the zero facts, the oncs (his step 1), the
doubles and near doubles, and the couple of others. As far
as | know, a concise arrangement such as Mr. Aziz has in
Table 7 was not used before. The method has merits, and
it will be a contribution if a total program is developed
satisfactorily.

THE AUTHOR’S CLOSURE

Professor Schindler has viewed Table 7 as a goal (o be
achieved. In the second paper on the method, Table 7 has
been further divided into two separate tables (or goals).
They are Table 8 and Table 9 as shown. The development
and uscfulness of thzse tables have been fully described in
that paper.

Table 8 contains only the fundamental steps, and Table
9, the addit'onai steps of addition. Steps of Table 8, in the
second development, may be more significantly classified
as fundamental steps with the following criteria.

1. A ch1 naturally goes to these steps after his
training in counting.
2. These steps are easier than the others.

3. And once leamned, 2 chilé does not easily forget them,
they become a part of his permanent knowledge.
As for Table 9. ~ach new step of additional facts a child
learns is based mainly on the four fundamental steps and
ouly ¢ the four basic concepts contained in them. These
four concepts are:
The concept of onc more, that is, going up by one.
The concept of onc less, that is, coming down by one.
The concept of symmetry (physically), or doubles
(mathematically).
4. The concept of uniquencss {physically), or teas and
ones (mathematically).
Professor Schindler’s discussion was made on the first
manuscript.$ The discussion of this paper about the adop-
tion of the method was made after his comment regarding
the integration of this method. As to the development of a
total program, it is hoped that the interested teachers and
authors will develop such programs or use the method for
preparation of their teaching materials. While broad guide-
lines have been outlined in the second paper for revision
of cxisting books and for writing of new books, some sug-
gestions in advance about the integration of the method in
terms of goals are presented here.

Figure 11 shows the steps in the process of a child’s
lcarning of addition and subtractior. Step I will prepare a
child for Table 8, the first goal to bu achicved; and Step II,
for Table 9, the second goal to be achieved. In Step 1, the
child will be trained in counting, in understanding, and, in
the four concepts of numbers previously described. In Step
I, he will b2 trained in the fundamental facts and in their
application linited to the Gerivatives of the facts only. Step
I will trair < child in the additional facts as application
of the four fundamemal steps and the four basic concepts.
The accomplishment of goal |1 and goal 2 automatically
accomplishes the final goal in basic addition, namely, Table
7, and prepares the child for Step IV, that is, for long
addition and subtraction.

Two addition facts of zero and one inverse addition fact
arc shown in Table 9 without any stcp number, because
their presentation is not totally dependent on the consist-
ent-logic method; § they may be best presented by an author
in a sequence most suitable
and effective to his plan

bl S

of presentation. .
STEP IV
ADDITION &
SUBTRACTION
STEP Il
GOAL 2: TABLE Y

STEP I

GOAL 1: TABLES
STEP
PREPARATORY
BASIC TRAINING

FiIGURE 11. The steps in the process of learning addition and subtraction

Q

+ a member of the National Council of Teachers of Mathematics

1 All the discussions were made on the firs' manuscript.

§ The names, the constant-sum method ano tl.e consistent-logic
method, were not used in the first manuscript.
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BY Dr. McNUTT:

Mr. Aziz has applied mathematical logic to the teaching
of mathematics in a way so simple, it appcared to me, that
it is surprising that it was not done before. He has observed
that of the onc hundred basic addition facts of decimal
arithmetic, a few are partic:larly easy to kcamn, and the
others can be derived using logical devices understandable
to the studeut.

Eventually the student must commit all the addition facts
to nemory so that recall is immediate. To make this task
casy for a child, new math introduced grouping of basic
addition facts and use logic in their derivation. Mr. Aziz,
too, groups basic addition facts and uses logic, but in a
manner in which iogic becomes more systematic and con-
sistent. As a result, I believe, he has made the task of a
child simpler and easier. To this end, he also encourages
the use of flash cards for drill. In his method, the addition
facts are introduced in an order in which sums vary so
that subsets of the flash cards can be used before all the
facts have been taught.

This work I hope would be considered a start in 2n im-
portant ficld. What has been donc here, I believe, could be
extended immediately to addition facts in other aumber
bases and multi, Jlication. Similar techniques involving de-
tailed analysis -.. materials to be taught may well revolu-
tionize the teaching of elementary mathematics. T would
urge teachers to understand not only how a child might
find Mr. Aziz’s method easier and quicker, but also why
he should find it so.

THE AUTHOR'S CLOSURE

I may point out some distinction between committing a
fact to memory and deriving it with high speed. To recall
the fact 5 4 S = 10 is memorization. To recall the result
25 + 15 = 40 is derivation, and to recall the fact 9 + 8
= 17 in the new math is also derivation. If the derivation
of the fact is so rapid that it seems as if the fact were
memorized, there is little distinction in the end between
recall by memorization and by rapid derivation. What Dr.
McNutt refers to as recall by committing to memory may
truly be referred to as recall by rapid derivation for some
facts in the new math concepts.

BY PROFESSOR BERG:

I have read Mr. Aziz's paper on teaching addition to
children. He suggests an order of presentation of addition
facts which should give two benefits. Firstly, it should be
possible for the child to learn addition more ezsily and
quickly. Secondly, the child’s sense of logic and organiza-
tion, or thought patterns, should be greatly improved or
rapidly developed by this method.

It is easier to jeara facts if they are presented in an
organized manner. The organization is most helpful if it is
directly related to the learning task at hand. Mr. Aziz's
paper organizes addition facts in such a way. Rather than
using the ordering of the numbers as a principle of organi-
zation, Mr. Aziz bases his organization on logic. The facts

are divided into two classcs—the basic addition facts, and
simple, ind few in number. The additional addition facts
arc then grouped into steps (as in the basic facts) and the
child progresses one step at a time. Within each step, all
facts can be derived from the fundamental facts, by rhe
same logic. The chiid thus is given a method he can use
with confidence for all the facts to be lecamned witkin the
same step. The author points out that such methods of
reasoning out the answers are taught in the prescat method,
but the logic is not uscd in the consisteat manner.

This grouping by logic has another advantage. Drilling,
by use of flash cards, is a generally accepted manner of
increasing speed and proficiency. If, as is presently done,
the facts are grouped on the basis of the sum, then obvi-
ously the fizsh method is inoperable. In Mr. Aziz’s method
it is the logic which is constant and not the sum, thus
enabling the use of flash cards.

{ hope Mr. Aziz’s work would be widely read, as I
belicve, it would lead to the significant developmeit of
teaching of arithmetic in the lower grades.

BY PROFESSOR ELLING:

1 read the manuscript of Mr. Aziz’ paper with cons.der-
able interest. I can recognize the great amount of time,
thought and efiort he has devoted to this work. I believe,
this warrants sincere congratulation.

I find the author’s approach to the development of his
method creative and irgenious. He studied the past and the
present methods with a view to discover a pattern or a clue
that could lead to ar: improvement in the present method.
His interpretation of grouping of addition facts in terms
of direction, I belicve, gave him the clue. He then discov-
ered a direction for grouping in which the use of logic was
systematic and consistent.

I have never been directly involved with the teaching of
a child, and hence have little knowledge of what the cle-
mentary thinking processes are that a child can bring to
bear on a subject. I learned addition by the old method,
but as best I can remember we did not use finger counting
and were still able to master long addition after the first
few grades. I have some question about whether imposing
a need for exercising a deductive process in the mastering
of basic addition is truly an advantage. I have no reason
for believing this other than my intuition regarding a child’s
learning capacity. Suitable tests may well prove the author's
point. 1 think that 12any people, such as myself, who are
not intimately familiar with a child’s learning process, may
well be skeptical until tests on the basis of class-room in-
struction are conducted and that results have been shown
to be conclusive. My suggestion, therefore, would be to
encourage the author to find some means by which these
tests can be conducted, even if the initial tests are of lim-
ited scope.

Overall, 1 find the author’s ideas very interesting and
something that is worth pursuing, for if it were a contribu-
tion, it would benefit our children for all generations.
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by different methods

THE AUTHOR’'S CLOSURE

Comments of Profcssor Elling were made on the first
manuscript in which, 1 belicve, it was not as clear as in the
final paper that logic was teing ecmployed in the method
currently in usc (the constant-sum mcthod). The consist-
ent-logic methog docs not introduce iogic, it uses logic
systematically and consistently that was introduced by the
constant-sum mcthod. We could assume that if logic helped
a child in the constant-sum method, using it systematically
and consistently should increase its cflectivearss. There-
fore, Professor Elling’s question about the need for logic
could rightfully belong to the constant-sum mcthod.

The constant-sum mcthod has been used for many years.
It has been found to be an efficient and cffective method,
and an improvement to the old metnod to the extent that
it has practically rcplaced the old metivod. Some rcasons
were discusscd fe ¢ the adepiion of the constant-sum method
from an analytical point of view. Other rcasons may be
discussed from a practical point of vicw. Lct us consider
that a child is mastcring the fact 9 4 4 = 13. After the
constant-sum mcthod was introduccd, he could still master
the fact by the old method; but in casc he forgot the fact,
he could fall back on the derivation if he knew it. More-
over, by the constant-sum mcthod, not only a child knows
that 9 4 4 = 13, but also he knows why. Another point
may be brought out. In adopting the constant-sum method,
we did not dump the old method, we use the dircction of
the old method for drill by flash cards. These are the prac-
tical reasons for which the constant-sum mecthod was pre-
ferred to the old method.

By the old method in this paper was implicd a method
which did not use logic and derive addition facts. Finger
counting was an example. That the finger counting was an
example was not clear in the first manuscript. To respond
to Professor Elling’s comment on the mastery of addition
facts, we take the old mcthod he has referred to, and
assume that the child’s progress in mastering the addition
facts by this method is indicated by the curve labelled “old

method™ in Figure 12. The ordinate of Figure 12 repre-
sents the pereent average adult speed per fact with which

a child can answer the addition problems [cf., “Learning -

About Numbers® previously cited] or recall the addition
facts [cf., Dr. McNutt). Expected progress of a child by
the constant-sum method and the consistent-logic method
are also shown in Figure 12. The pra.tical reasons for
which the constari-sum method was preferred to the old
mcthod has been listed previously. In terms of recall-speed,
the constant-sum siicthod may not have an appreciable im-
provemient, or perhaps any, but the consistent-logic method
should result in 2 marked improvement, as shown by the
uppcermost curve of Figure 12.

Coming to the need for testing the method on the basis
of class-room instruction I agrec with Professor Elling.
Teachers, principals, supervisors and superintendents for
ciementary schools also have strongly suggested the need
for testing the method on the pasis of class-roon: :nstruc-
tion under controlled conditions. I believe thic method
should be t:sted for two reasons.

. To dctermine a quantitative measure of ‘mprovement
of the consistent-logic method, or in other words, to de-
terminc the progressive valucs of AB of Figure 12.

To demonstrate to practical educators, in a <hort time
and without much analytical effort, that the consistent-
logic method is an improvement to the constaat-sum
method, as concluded.
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TABLE 3. THE ADDITION TABLE
ACCORDING TO THE OLD METHOD

TABLE 7. THE ADDITION TABLE
by THE CONSISTENT-LOGIC METHOD

FIGURE 13. Summary of addition tables
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23_5_33_6
+ +

32_5_42_6
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TABLE 5. THE ADDITION TABLE
by THE CONSTANT-SUM METHOD




